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Abstract 

Hubble expansion in warped braneworld model is addressed in presence of more than one warped 
extra dimensions. It is shown that while the expansion depends on all the moduli, an exponential 
nature of the expansion of the scale factor emerges as a generic feature which is independent of the 
number of extra dimensions. Expression for the effective brane cosmological constant in such model 
has been derived. It is shown that similar to the 5-dimensional Randall- Sundrum model a fine tuning 
between the bulk cosmological constant and brane tension is required to obtain the desired cosmological 
constant on the brane. The length of the extra dimensions are determined in such scenario. Finally 
introduing pressureless matter in the bulk an observationally consistent cosmology was obtained on 
the visible brane. 
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1 Introduction 



The standard model of elementary particles, despite its spectacular success in explaining Physics up 
to TeV scale, bears an unsatisfactory feature of unnatural fine tuning problem in connection with the 
large radiative correction of mass of the Higgs scalar [l] . Extra dimensional models [21 |3l |4j successfully 
resolved this problem and at the same time invoked new Physics beyond the Standard model [5l EJ [71 [8] . 
The warped geometry model, proposed by Randall and Sundrum p], is one of the significant steps 
towards this direction. Various phenomenological as well as cosmological implications of this model 
have been studied extensively during the past decade and many interesting predictions have been 
made which are to be tested in the forthcoming TeV scale and cosmological experiments. While the 
original Randall Sundrum model was formulated with one warped dimension, a generalisation of this 
model was proposed in the presence of more than one warped dimensions [9]. Such models give rise 
to additional new features which may be observed in the future collider experiments [lOj . While some 
of the cosmological implications have already been studied in the context of 5-dimensional RS model 
[HI [m O nH [m , an extensive investigation in the context of multiply warped model is yet 
to be done. In this paper we propose to study the features of Hubble expansion of the universe in 
the context of multiply warped model and explore new Physics at the cosmological scale to search for 
extra dimensions. 

We begin with a brief description of the RS model and it's cosmological significance. Then we describe 
the multiply warped model to find the role of additional warped dimensions in respect to the expanding 
model of the universe. 

2 Five dimensional Randall- Sundrum Model 

Randall-Sundrum model [2j considers a five dimensional anti de-Sitter spacetime where the extra co- 
ordinate y is compactified on a jZi manifold. Two 3-branes are located at the orbifold fixed points 
y = and y = tt. The action for this model is given by : 



S — Sgravity ~l~ Spl -\- S^s ; 

(1) 



Sgravity = J ^''^^ J V-fi'S -^5 " A5 j 



Spl = J cfxy/-gpi[Ci - Ai]. 

Svis = J d'^Xyf—Qms [C2 — A2] 



where are Lagrangian on the Planck brane and visible brane respectively while Ai,A2 are 

corresponding brane tensions. The 5-dimensional bulk contains only the cosmological constant A5 
and is the 5D Planck mass scale. 

The geometry of the 5D spacetime is [M^'^ x S'"'^/Z2] with a metric ansatz, 

ds^ = e-'^''^y^r]^ydx^'dx'' + hldy^ . (2) 

Here r/^jy = diag{—l, 1, 1, 1) is the four dimensional Minkowski metric. 60 is the radius of S^ and y 
is an angular co-ordinate running from to tt. Therefore the proper length of the extra dimension is 
Ly = boTT. 

Solution of the 5D Einstein's equation corresponding to this metric incorporating Z2 symmetry, yields 



a = bo\y\k (3) 
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In the RS scenario, the relation between bulk cosmological constant A5 and brane tensions Ai and A2 
is as follows : 



(4) 



^hereA: = \/^,fc, = ^ {i = 1,2) 



The solution given by eqn.Q suggests that the bulk is five dimensional AdS spacetime with negative 
bulk cosmological constant A5 such that the warped solution is obtained. The 3-brane situated at 
y = suffers no warping and is called the hidden brane while the Standard model 3-brane located 
at y = vr, is exponentially warped. The brane tensions on the two 3-branes as seen from eqn.Q 
are identical in magnitude but the brane tension turns out to be positive on the hidden brane and 
negative on the Standard Model brane. Subsequently it was shown that the brane separation modulus 
60 can be stabilized by introducing a bulk scalar field [H] without further unnatural fine-tuning. The 
effective 4Z) visible brane cosmological constant is [19j 



= l4{^^ + l44) ■ (5) 

where K5 is related to the 5-dimensional gravitational constant and A2 is the brane tension of the 
four dimensional visible world. Using the expression of the brane tension Aj, the induced cosmological 
constant on both the branes in the Randall- Sundrum model turns out to be zero thereby making each 
of them flat which can be observed particularly for visible brane from eqn.dS]) using the expression for 
k2. Due to warped geometry, the physical mass on the visible brane suffers an exponential warping. 



m = e"'''""'mo (6) 

Thus mass of Higgs scalar is always exponentially warped on the Standard Model brane. With 
kbo ~ 11.5 one can achieve the desired Planck to TeV scale warping without introducing any unnatural 
fine tuning. In this model the four dimensional Planck mass scale Mpi is related to five dimensional 
Planck scale as. 



= ^(1 -e-2'=''o-) (7) 

rv 

3 Inflation in five dimensional spacetime 

We briefiy discuss how inflation [20j in our Universe can arise from its embedding in a five dimensional 
warped geometry [M^''^ x /Z2] with AdS bulk. Our Universe is a 3-brane located at y = vr while the 
other brane situating at the orbifold point y = is the Planck brane. The 3-space of the visible universe 
is assumed to be homogeneous and isotropic and is also taken to be fiat. In this five dimensional 
model its time evolution is governed by a scale factor, R{y,t) = f{y)v{t) which smoothly converges 
to Randall- Sundrum model in the appropriate static limit. The action for the above set up is given 
by eqn.([T]). The metric ansatz for such a warped cosmological model is given by : 



ds^ = f{y)[-dt^ + v\t)6ijdx'dx^] + bldy^ 



(8) 



where bo is a constant. 

The proper length along the direction of the compact co-ordinate y is : L5 = 6ovr . In the absence of 
inflation one receives the static limit of RS model given by eqn. ([!]). 

In this scenario we additionally introduce energy densities i.e. p on the 3-branes. As a result from 
(it) and (ii) components of Einstein's equations we find : 

v{t) = e-^o* (9) 

where Hq is the Bubble's constant. Now from (55) component of Einstein's equation one can obtain 
the solution for /(y) in terms of k and Hq consistent with Z2 symmetry as : 

f{y) = ^smhi-kbo\y\+do) (10) 
where do is the constant of integration. 

The resulting cosmological warped metric therefore becomes : 

/ IT \ 2 

ds^ = (-^j sinh2(-fc6o|y| + do)[-dt^ + e^^°^5ij dx'dx^] + bldy^ (11) 

This metric describes inflation of the spatial three dimensions. In the static limit when Hq — > and 
do — > 00 with the ratio (■^)^e^'^° — > 1, the metric coefficient becomes that of static RS metric. 
Using the boundary conditions, the brane tensions on the two 3-branes are : 

ki = kcoth{do) (12) 

— A;2 = A; coth (— A;6o7r -|- (io) (13) 
which also reduce to eqn.dH) in the static limit. 

In the non-static scenario, the effective AD cosmological constant on the visible brane is now non-zero. 
However in the static limit when Hq = we retrieve A^^^ = [using eqn.([5|)]. Moreover, the non-static 
solutions given by eqn. (fT2l) and eqn. (fT3]) . are satisfied only when k < ki < —k2. 

Now once again using eqn. (|12p and eqn. ijlSp the length of the extra dimension L5 can be written in 
terms of ki , /c2 and k . The resulting expression for L5 turns out to be : 



L5 = 6o7r = ^ In 



-k2 — k ki + k 



ki — k —k2 + k 



(14) 



As we can see from the above equation, in the inflationary Universe the length of the extra dimension 
is kept fixed, which in turn requires fine tuning between bulk cosmological constant and brane ten- 
sions. This fine-tuning feature also exists in the original RS model that produces a vanishing effective 
cosmological constant on the 3-branes. However, it may be noted that in the static limit one cannot 
express L5 in terms of A5 and Aj's. 

Now the effective four dimensional metric can be obtained from six-dimensional metric eqn. (llip by 
an appropriate co-ordinate transformation which becomes : 

dsl = -dt^ + e^^^y'^Hijdx'dx^ (15) 

where Hubble parameter is now given as : 

H{y) = k cosech[—kbQ\y\ + do) (16) 

At the boundaries, i.e. on y = and y = vr orbifold fixed points, the values of Hubble parameter are : 
/J-(O) = ^kl - k^ 
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HiTT) = ^kl - P 



On the Standard model brane, when our Universe is evolving with time, its non-zero Hubble parameter 
is expressed as fine tuning between bulk cosmological constant A5 and visible brane tension A2 given 
by the relation, 

H{n) = ^Jkl - < 10-6iMp; (17) 

It is easy to show that the static limit, k2 = k yields -ff(vr) = 0. The size of the extra dimension 
can be written as the ratio of Hubble parameters. In this model the problem related to fine-tuning of 
Higgs mass is resolved at the expense of more severe fine tuning between bulk cosmological constant 
and brane tension of the Planck brane. 

kLRs_= kbRsTT ^ In 
H{0) = ^kj - k^ X 10-16 ^ H{0) < 10-7^Mp; 

We now examine all the issues related to inflation in warped geometry in the presence of a multiply 
warped spacetime which results from a natural generalisation of the five dimensional Randall-Sundrum 
model. 



4 Six-dimensional doubly warped geometry 

In order to generalise the Randall-Sundrum model to six dimensions [21] one can consider the doubly 
warped spacetime as M^'^ [M^'^ x S^/Z2] x S'V^2 with AdS (Ab < 0) bulk spacetime. The 
non-compact co-ordinates run over usual four dimensional spacetime while y , z are compactified 
angular co-ordinates. Such a geometry gives rise to a brane-box like spacetime in which the 4-branes 
are placed at the orbifold fixed points namely at y = 0, vr and z = 0, vr. There are four 3-branes which 
exist at the intersection of two 4-branes. 

Metric ansatz : 



ds^ = 62(z)[a2(y)r/^^dx^dx^ + b^dy'^] + c'^dz'^ 
The total bulk-brane action is given by, 

S = 5*6 + 5*5 + 5*4 

5*6 = d^xdydz^/^g^ l—Ra- AbJ 

S5 = - J d^xdydz [Xid{y) + X2 6{y - 7r)]y/^ (19) 

— J d^x dy dz [A3 5[z) + A4 5{z — vr)] \J —g^ 

84^ = J d'^xdydzyj —g[C — A] . 

Note that, the brane potential terms Ai = Ai(2;), A2 = A2(-z) whereas A3 = A3(y), A4 = A4(y) 
can in principle be the functions of y and z. The term 5*4 corresponds to the 3-branes placed at 
{y,z) = (0,0),(0,7r),(vr,0),(7r,7r). 

On substituting the metric and solving six-dimensional Einstein's equations and further imposing Z2 
symmetry, the warp factors turn out to be : 
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a{y)=e-''\y^ (20) 

cosh(A;z) 
cosh(A;7r) 



K^) = (21 



where 



60 



Co cosh(A;7r) 



(22) 



k = Co \ T7^ (23) 



. 10M4 

Solving Einstein's equations the solution for the warped metric is given by : 



cosh {kz 



^-27— exp{-2c\y\) 1^^,udx^'dx'' + bidy' +4dz'. (24) 
cosh (fcvrj L -I 

Now two of the 4-brane tensions on the 4-branes y = , y = vr are co-ordinate dependent and are 
given by : 



Ai(z) = -X2{z) = 8M2 y sech{kz) (25) 
while on 4-branes located at z = and z = vr, the brane tensions are respectively : 

\-M = (26) 
, , , -SM^/c , , 

A4(y = tanh /cTT 27 

Co 

From these, the 3-brane placed at y = , z = vr suffers minimum warping and is called the Planck 
brane with brane tension 



\pianck = 8M^J [sech{k7r) - tanh(A;7r)] (28) 



The visible 3-brane located at y = vr , z = has brane tension, 



><v^s = -SM\-^ (29) 
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The Planck sale mass niQ is now warped to 



'm= mo — T-Tjr^ (30) 
cosh(A;7rj 



10-^*^ (31) 



cosh(A;7r) 
on the visible brane. 

It is observed from eqn. (l22p that one cannot have equal amount of warping along both the compact 
co-ordinates without introducing large hierarchy between the two moduli 60 ^-iid cq. An important 
phenomenological consequence of the model is a possible explanation of the mass hierarchy of the 
Standard model fermions on the brane. The Standard model fields in each of these 3-branes have 
mass-scales close to TeV with some splitting among them. 
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5 Inflation in six-dimensional doubly warped spacetime 



In the present work, we explore cosmological implications of a six-dimensional spacetime in which 
both the extra dimensions are compactified on circles with Z2 orbifolding, thus giving rise to a doubly 
warped spacetime as discussed in the previous section [2T]. In such a spacetime IZ2 orbifoldings 
are not independently implemented but are performed successively, so that with every warping one 
warped compact dimension gets further warped. One can extend the procedure incorporating several 
extra dimensions leading to a multiply warped spacetime. However, we shall first study the inflation 
in the background of doubly warped spacetime. The manifold under consideration is : M^'^ — )• 

X X ^7^2. 



5.1 Set up 

We consider a (5 + 1) dimensional AdS bulk where two successive IZ2 orbifoldings along the two 
extra dimensions lead to a brane-box like spacetime, whose walls are 4-dimensional branes. Each of 
the 4-branes are situated at the orbifold fixed points namely, y = , vr and z = , vr. At the intersection 
region of two such 4-branes, a 3-brane is formed. Therefore four such 3-branes reside on the points: 
{y,z) : (0,0), (0,7r), (7r,0), (7r,7r) 

As we are interested to study cosmological behaviour, we consider our Universe (i.e. one of the 3- 
branes) to be homogeneous and isotropic and for simplicity we take it spatially flat 3-space. In this 
model the time evolution of 3-universe is governed by the scale factor which naturally is a function of 
both the compact co-ordinates y , z. 

Notations : 

The non-compact co-ordinates : a/* where /x = 0,1,2,3. 

Bulk indices : M , N run over M , N = ^ ,y , z. 

d, (3 run over and y while a, (5 run over x^ and z. 

Cosmological metric ansatz : 

ds^ = h'^{z)[a^{y) {-dt^ + v^{t) 5ij dx' dx^) + bl dy^] + eg dz^ (32) 

where bo and cq are the moduli along the compact co-ordinates y and z respectively which in our 
proposed model are taken as constants. 

The scale factor can easily be identified as R(t, y, z) = v{t) a{y) b{z) 
The six-dimensional bulk-brane action is given by 

S = S'e -|- 5*5 -|- S'4 

Se = J d'^x dy dz ^-56 ^"^-^6 - 

85 = j d^xdydz {^^[Ci - \i{z)]6{y) + ^^[C2 - \2{z)\5{y-TT)] (33) 

+ j d^xdydz {y^[£3 - + - Mivmz-T:)]] 

Si = J d'^xdydz^/—g[C — A] . 

Here, Ai , A2 , A3 and A4 are co-ordinate dependent brane tensions. £1, £2 are the Lagrangian of 
matter at y = constant 4-branes, while £3, £4 are the Lagrangian of matter at z = constant 4-branes. 
5*4 gives the contribution of 3-branes. 

Since we are interested in cosmology, we assume the matter content on the 4-branes as well as on 
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3-branes to be perfect fluids described by energy density p and fluid pressure p in addition to the 

presence of corresponding brane tensions as have been discussed earlier. 

By varying the action S the full six dimensional Einstein's equation is obtained as, 



-M^ V-ffe {rmn - ^ QMN^ = As sZ-ge qmn 

(^/3 5^7)1 + (^/3 5^7)2] \/^<^M<^: 



(34) 



g, g are the respective metrics in these (4+l)-dimensional subspaces. 
Energy-momentum tensor on the 4+1 branes : 

(rj)i = diag[-pi{z) - Xi{z) , pi{z) - Xi{z) , pi{z) - Xi{z) , pi{z) - Xi{z) ,0 , pi{z) - Xi{z)]S{y) 



(35) 



(rj)2 = diag[-p2{z) - X2{z) , p2{z) - X2{z) , p2{z) - X2{z) , p2{z) -X2{z),Q, p2{z) - X2{z)]5{y-TT) 

(36) 

= diag [-pz{y) - Xz{y) , p3{z) - Xaiy) , p2,{y) - X2,{y) , pz{y) - Xz{y) ,pz{y) - Xsiy) , 0] 5{z) 

(37) 



(r3')4 = diag [-p4{y) - X4{y) , P4{z) - X4{y) , P4{y) - X4{y) , P4{y) - X4{y) ,P4{y) - X4{y) , 0] d{z-Tr) 

(38) 

Substituting the metric, the various components of Einstein's equations yield : 
tt component : 



-3aa" Aa%h 3o'2 Qo?lP 3i;2 

+ 



Cn hi ck ' ^2 



ii component : 



3a'2u2 ?,av^a" Ga^b'^v^ ia^v^bb 



2„li fl„2i;2„,2 A^2,,2i 



+ 



+ 



+ 



Vr\ Vr\ On C-n 



(60 Co) = -Afi ( 6^a^6oco ) 

- {(pi + Ai)%)} (6a%) 

- {(/92 + A2)%-7r)}(6a%) 

- {(P3 + A3)(5(z)}(6V6o) 

- {(p4 + A4)(5(z-7r)}(6V6o) 

(39) 

(^oco) = Ab {^C?V%qC^ 

+ {(Ai -pi)%)} (6aVco) 

+ {(A2 - V2) Siy - tt)} {ba\'^co) 

+ {{Xs - P3)6iz)}{bWbo) 

+ {(A4 -p4)S{z-Tr)}{b''a''v\) 

(40) 



— 2vv 
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yy component 



+ 



Ahhlh 



+ 



6a' 
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2,blv 



Co = Kb (b^blco) 

+ {{X3-p3)6{z)}ibHl) 
+ {(A4 -p4)5(^-7r)}(62 62) 



(41) 



zz component : 



-3clv^ 

j2 ^2 y2 



+ 



1062 



+ 



6c§a'2 ^ 4 eg a" 



bl b^a 



3c^v 
a?b'^v 



(bbo) 



+ 



KB{bbQcl) 

(Ai - pi)5{y)cl 



+ (A2 - P2)5(y-vr)co 



(42) 



where dots represent differentiation with respect to t, primes represent differentiation with respect to 
y and bar denotes differentiation with respect to z. 

Determination of the function v{t) : 

From {tt) and {ii) components of Einstein's equation we get, 



2(-M^)6oCo(^)2 - vv) = Q 



(43) 



which on solving gives, 



v{t) 



(44) 



where A is an integration constant and Hq identified as Bubble's constant. Interestingly, the form of 
the solution in eqn. (j44p does not depend on the number of extra spatial dimensions. 



Determination of the warp factors a{y) and b{z) : 

To determine the warp factors, we substitute eqn. (I44p in yy component which reduces to, 



-M4)co 



Ahblb 6a'2 
+ — ^ + 



{bHl) [Abco + (A3 - P3)Kz) + (A4 - Va)Kz 



Starting with the bulk part of eqn. MSp and rearranging terms we get. 



-,'2 



52 2bb b'^ki 
-7 + TT-r + tttt: 



3 eg 



6M4 



(45) 
(46) 



where d is an arbitrary constant. We thus obtain two separate equations : 



(47) 



9 2bb b^As 



3 eg 



6M4 



(48) 



The solution of the eqn. (j47p consistent with the Z2 symmetry gives warp factor along the compact y 
co-ordinate as : 

a{y) = ^sinh(-d|y| + do) (49) 
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where do is the constant of integration. 

Solving eqn. (l48p gives the warp factor along the z co-ordinate as, 



cosh(fcz) 



with 



^=cocosh(A:vr)' ^ = ^°VI^ ^''^ 

Both the solutions of a(y) and hi^z) give the bulk solution of the geometry. It should be noted that 
once again the five dimensional solution discussed in section 3 can be recovered in the limit cq = 

and 6(2;) = 1 [see eqn. ([8])]. In the static limit : do — ^ 00 and — ^ ^ — ^ e'^" — )■ 1 , one obtains 

V 10Af4 

the warp factor a(y) as in eqn. (j20p . It may be noted that the functional form of is independent 
of time and is identical to the static solution. The resulting six dimensional metric now becomes, 



ds" = I^o|oL sinh\-d\y\ + do) \-dt^ + e^^"* dx^ dx^] + 2^±^ 52 ^^2 + ^2 ^^2 

cosh (/cvr) « L J cosh (/cvr) 

(52) 

The above metric describes an inflationary model for the spatial three dimensions in a six-dimensional 
doubly warped spacetime. 

5.2 Pressures and Brane tensions on 3-branes 



Substituting eqn. (|49]) . eqn. (|50l) and eqn. (|5T|) in Gzz component of Einstein's equation and integrating 
over an infinitesimal interval across the two boundaries at y = , y = vr, we obtain respectively. 



[-p,{z) + X,{z)]\y=o = 8M^ J coth{do) sech{kz) 

[-P2{z) + X2{z)]\y=n = -8M* J coth{-d7r + do) sech{kz) 

We find the 4-branes located at y = and y = it have z-dependent brane tensions. At y = constant 
4-branes in the static limit when pi = P2 = 0, do — > 00 and Hq — > the brane tensions become 
equal and opposite. 

Similarly, using eqn. ([49]), eqn. ()50p and eqn. (l5ip in Gyy component of Einstein's equation and inte- 
grating over an infinitesimal interval across the two boundaries at z = , z = tt respectively we get. 



[-Psiy) + A3(y)]U=o = 0, [-p,{y) + A4(y)]|.=. = -8M*\jj^ tanh(A:^) (54) 

Now, each of the 3-branes lie at the intersection region of two 4-branes and their brane tensions, 
pressures and energy densities, to the leading order, are the algebraic sum of these quantities of two 
such 4-branes. The Standard model 3-brane that is located at y = it , z = therefore has. 



- p^is + Xvis = -8M^ y coth(-(i7r + do) (55) 

On the other hand, Planck brane is identified as the 3-brane situated at y = ,z = tt. Hence, 



Ppi + Ap/ = 8M^ y lOM"^ [coth(do) sech^kn) - tanh^kn)] (56) 
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Once again one can readily retrieve the brane tensions of the static six-dimensional doubly warped 
spacetime by going to the static limit : do — > oo. and Ppi = 0- 

The combinations of pressures and brane tensions on the other two 3-branes located at ?/ = , z = 
and at y = it , z = tt can similarly be obtained as, 



p{0, 0) + A(0, 0) = 8M' J cotHdo) (57) 



j5(7r,7r) + A(7r,7r) = -8M^ J [coth(-d7r + do) sech{k-n) + tanh(A;7r)] (58) 



5.3 Hubble parameter in 6D doubly warped spacetime 

We now find that on the 4D world the Hubble parameter as a function of both the compact co- 
ordinates. Following [20], by a suitable co-ordinate transformation eqn.(|52p can be recast as : 



dsl = -df + e^^'^y^'^'Sii dx' dx^ 



where the effective 4D Hubble parameter is 

Hiy,z) = 



A 



B 
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sech{kz) cosech{—d\y\ + do 



(59) 



(60) 



On the visible brane {y = tt , z = 0) : 

F(7r,0) = H,,s = y 
On the Planck brane {y = , z = it) : 

H{0,Tr) = Hpi 



-Ab 
lOM^ 



cosech 



bokn 



Co cosh(/c7r) 



+ dc 



-A 



B 



sec{k-K) cosech{do) 



(61) 



(62) 
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However, the present universe is dominated by cosmological constant whose equation of state is : 

Pvis Pvis ^vis (6^) 



Now, eqn. (I55p can also be written as, 
But eqn. (j64p can be written as 



8M^ 



-A, 
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A, 



VIS — ^^VIS 



-Af 



10M4 



coth(— dvr + do 



coth(— (ivr + do) 



(64) 



(65) 



which shows Standard model brane possesses negative tension. After squaring eqn. (|65|) we neglect 
)r Ab < we finally obtain 

A,n., = i , V 10^ coth(-d^ + do) 



\2 

^vis 

(8M4) coth(-d7r + do) 
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(66) 



It may be noted that eqn. (j66p is the generahsation of eqn.([5]) extended to the non-static scenario of 
six-dimensional doubly warped spacetime. 

In the Randall Sundrum model the induced cosmological constant on the visible brane is zero thereby 
making it a flat brane which happens due to exact cancellation between bulk cosmological constant and 
corresponding brane tension. However, the presence of a negative pressure in our universe allows it to 
expand exponentially. As a result now the brane tension of the visible brane does not counter balance 
the contribution of the bulk cosmological constant exactly thus inducing a net positive cosmological 
constant on our universe. The shift in the value of brane tension from it's static value in the presence 
of additional matter is 6Xms and therefore we write, 



where, 



^^vis — ^vis ^vis I (static) 



A 



vis I (static) 



-A/ 
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(67) 
(68) 



Then eqn. (i65]) becomes 



^vis ~1~ A. 



vis\(static) 



:i + e) 



(69) 



=^ ^^vis — —^vis + ^ ^vis\ (static) (70) 

where e is a small positive quantity in excess of unity that appears only in the non-static case. Now 

squaring eqn. (j6l|) and using eqn. (j67|) . eqn. ([68]) and further neglecting dX^^g and A^^^ [ as SX^^^ and 
A^j^ are extremely small quantities ] we obtain, 

_ i^^'^)'^ ^vis ~ '^■^vis Xms\ (static) . 

''''' ~ 9n — \ — ] ^ ) 

^[^vis\ (static) ' ^'■vis\ 



Estimation: (in Planckian unit) 



The present Hubble parameter on our universe is given by : 

H^is = 1.233 X IQ-^^Mpi (72) 
and the present cosmological constant is known to be : 

A„, = 10-124^2 (73) 
Substituting all these values in eqn. ([7T]) we find 

§X^-g = -1.923 X 10"^^^ (74) 

showing 6Xms is a negative quantity and hence we must have Xms < Xyig^gi^tic ■ This indicates that 
the static situation of the universe i,e. when eqn. ([3]) is exactly valid, is highly unstable. With a shift 
from the static condition, a value as small as of the order of lO"^^! enough for the universe to switch 
into a non-static system that expands exponentially as the time passes by. 



5.4 Length of extra dimensions 

Let us now determine the size of extra dimensions Ly and along the compact co-ordinates y and 
z respectively. The proper distance of the extra dimensions between y = to y = vr and z = to 
z = TT are 

Ly= I y/g^bdy = biz)boTT (75) 
Jo 
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(76) 



We note that Ly depends on the extent of warping of compact z co-ordinate. This means an observer 
sitting at z = orbifolded fixed point will find Ly different from an observer present at 4-brane located 
at z = vr . This feature is a consequence of successive warpings of the spacetime. As the number 
of extra spatial dimensions increases, the proper lengths get warped even more except one. It would 
not arise if we had considered independent warping of spacetime : [M^'^ x /Z2 x 5*^/^2]. Let us 

now express Ly in terms of brane tensions and pressures. On the visible brane h{z = 0) = — — -. 

cosh(A;7r) 

the length of compact y co-ordinate between the interval to vr turns 



Using eqn. (j55|) and eqn.(l5 
out to be : 



L,, 



hoTT 



1 1 



cosh(A;7r) 



In 



-A/ 



10M4 



Pvis ~l~ 

8M4 




-p(0,0) + A(0,0) 
8M4 




Pvis ~l~ 

8M4 




-p(0,0) + A(0,0) 



8M4 




By similar procedure Ly measured from the Planck brane b{z = 0) = 1 is, 



(77) 



Ly = boTT 



1 cosh(fc7r) 



In 



-A 



B 



10M4 



Pvis ^v 

8M4 



+ 



-Ab\ I -p{0,0) + A(0,0) 



10M4 I 



8M4 



+ 



-A 



B 



10M4 I 



Pvis ~l" 

8M4 



Ab\ ( -p(0,0) + A(0,0) _ 1 -^b \ 



10M4 I 



8M4 



10M4 I 



(78) 



Ly determined from eqn. (j78p is the proper length of compactified y co-ordinate as observed from the 
Planck brane. 

It may be noted from eqn. (j75p and eqn. (j76p that Ly cannot be determined independently of Lz- This 
feature is again a result of geometry of spacetime that is doubly warped in succession. 
Similarly, the size of the extra dimensions along the z co-ordinate can be expressed in terms of brane 
tensions and pressures by subtracting eqn. ([58]) from eqn. ([56]) and using eqn. (j55]) and eqn. (j5^ 



L. 



CqTT 



/ -Ab 
10M4 



: sech ^ 



pi 



-Ppi + P(7r,7r) - A(7r,7r) + A, 
-p(0,0) + 

Pvis X^is + A (0,0) 



(79) 



5.5 Extent of warping on the visible brane 

We examine the status of gauge hierarchy problem in our scenario. We consider the action of a free 
scalar propagating on the visible brane 



Sh = I d^x 5^;; D^H D,H - ml 



the Planck scale mass niQ is warped to 

m = niQ 



boHo . ( bokTT 
— smn - 



d \ Co cosh kTT 



+ dr 



Near the static limit, it reduces to 



1 



cosh(fc7r~ 



cosh(K7r) 



(80) 



(81) 



(82) 
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This ratio shows there cannot be equal warping in y and z directions simultaneously. If there is sub- 
stantial warping along y- direction, in order to avoid a new undesirable hierarchy between 60 and cq, 
one must have small warping along z-direction and vice-versa. Further when we consider the present 
age of the universe, which is close to t = 13.4 x 10 years then 64^0* = 2.06298. It may be noted that 
in the cosmological time scale e*^"* has negligibly small variation. 



5.6 Estimation of length of extra dimension near static limit in dou- 
bly warped spacetime 



Since 



m 



mo 



10 , eqn. (l82p can be written as : 



dvr 



bnkTT 



Co cosh(/c7r) 



In 



cosh(A;7r) x 10"^^ 
2.06298 



(83) 



We have already mentioned that in order to avoid large hierarchy between the moduli 60 and co, we 
require unequal warping along the two extra dimensions. For example we consider little warping along 
the compact z co-ordinate a large warping along y is necessary. In this situation we must have small 
value of k such that k < 1 . The hierarchy between the moduli is minimum when k ~ 0.1 and from 
eqn. (f83l) this ratio is. 



— = 125.419 (84) 
Co 

Also from eqn. (j83p . 

d = 11.948 (85) 
On visible brane (y = vr, z = 0) using eqn. ([5T]) . eqn. ([75|) and eqn. ([76]) we can write, 

d L„ 



k Lz 



and therefore for A; = 0.1 



bi = hx sec/i(0.314) = 119.480 (87) 

I^z Co 

This implies Ly = 119.48 and 60 = 125.419 cq Thus there is a little hierarchy of order two between 
the to moduli. It may be noticed that a small hierarchy of order one also exists in the original RS 
model due to the choice kr ~ 11.5. Just as the modulus is stabilised in such model by introducing a 
scalar field in the bulk with appropriate vacuum expectation values (vev) at the two boundaries [18j . 
here also both the moduli can be stabilised by employing two independent scalar fields in the bulk 
with absolute vev at the boundaries. 

5.7 Expressing Gauge hierarchy problem in terms of ratio of Hubble 
parameters 

We have seen in section 2 that in five dimensions the non-zero Hubble parameter on the visible brane 
has been expressed as a fine tuning condition between visible brane tension A2 and bulk cosmological 
constant A5. In the six dimensional doubly warped brane world scenario Hyis can be expressed in 
terms of fine tuning between A^jg, pms and six-dimensional bulk cosmological constant A^. So we can 
write -fT,,,-, as, 



64M8 V 10M4 ) 
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The ratio of Planck brane to visible brane Hubble parameter is, 



KKi - Pplf ( 



-A 



B 



Hpi _ V 64M8 \WM^ 



[1 — 2 cotli(do)sec/i(A;7r) tanh(/i;7r)] 

(89) 



64M8 V 10M4 / 



Near the static limit where is large compared to —dn but X^is, Ppi, p{0,0) 7^ so that coth((io) is 
not exactly equal to 1. Then eqn.([56|) , eqn. ([57|) and eqn. (fM|) can be written as : 

Xpi - Ppi = -{Xms + Kis) [sech{kTT) - tanh(do) tanh(A;7r)] (90) 



A(0,0) - p(0,0) = SM^Jj^ coth((io) = -{X^is + K^s) (91) 



Xyis + Ayis = -SM'^J coth(do) (92) 



Let ^ — \j iQ]\^4 ^^'^ using eqn.([90|) , eqn. ([9T]) and eqn. ([92]) we can express the fine-tuning of Higgs 
mass in terms of ratio of Hubble parameters of the Planck brane to that of the visible brane as follows: 



'-EL^M) - (^) [sechjk.) - tanh(4)tanh(fevr)]^ 
10 = exp{—kLy) sech{kLz) = secn[kiT) 



2 

sech{k7r) — tanh((io) tanh(/c7r) 



Xyis + Aots \ ^ / —Ab \ 
8M4 ) ~ [ 10M4 / 



(93) 



Hpi 



(94) 



and using eqn.( 

Hpi ~ 10-^^Mp; (95) 

It is to be noted that eqn. ([89]) and eqn. ([93|) are equivalent because for moderate value of do, tanh((io) 
and coth((io) are quite close and at the same time we have taken A; < 1 to restrict hierarchy between 
the moduli. It is to be noted that this result closely resembles to the results obtained in 5D RS 
scenario [20] . Similarly our result shows that resolution of fine tuning of Higgs mass requires a severe 
tuning on Planck brane between Xpi, Ppi and bulk cosmological constant in six-dimensional doubly 
warped braneworld model. 
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6 Matter in the bulk: 



Let us now assume that instead of brane the bulk contains pressure less matter. This generalises the 
case of putting as cosmological constant in the bulk. Then the six dimensional action becomes 

S = 5*6 + S's + 5*4 

Sq = j (fx dy dz V-^e (^^Re + ^Buikj 

S5 = j d^xdydz {^^[Ci6{y) + C2 5{y-Ti)]- ^^[\i{z)5{y) + \2{z)6{y-'K)]} 

+ j d^xdydz {y^[£3,5(z) + U5{z-Ti)] - y^[A3(y)5(z) + A4(y)<5(z-7r)]} 

Si = J d'^xdydzy/—g[C — X] . 



(96) 



On varying the action, we get Einstein's equation in this case as: 

r4 / — ::- f jy R ^ _ ^rr_ \K 

+ 



-M \/-56 ( Rain - Qmn ) = {TBuik)M 9k n \/-g% 



+ 



5a,) ^ + {t} 5a,) J 5?/ ^% (97) 



where 



[TBuik)M = dia^ (^--3^,0,0,0,0,0) (98) 

and the energy momentum tensor on the 4-branes are given as before by eqn. (j35p , eqn. (l36p , eqn. (l37p 
and eqn. (p8|) respectively. 

In such a scenario, from (ii) and (tt) components of Einstein's equation one obtains. 

The 3-brane on which our FRW universe exists, resides at the intersection region of two 4-branes 
located at y = vr , 2: = 0. On this 3-brane the values of the warp factors a{y = 7r)and b{z = 0) are 
constant. Since the branes are delta-function sources, these values are unique irrespective of the type 
of its matter content and hence right hand side of eqn. (j99p is a constant quantity which implies left 
hand side must also be constant. To realise this let us assume that the FRW universe situated on the 
Standard model brane is described by ACDM model. As a result, on the visible brane we can take 

v{t) =vosmh"'{Hot) (100) 

vq being a constant. From the solution of v(t), we can infer for Hot « 1, v{t) — > [H^t)^ implying 
our universe was dominated by pressure less matter [for m = |] in the past and when H^t » 1, 
v{t) — > exp{Hot) shows at later times universe will be vacuum energy dominated . 
Finally, on substituting the solution of v{t) in LHS of eqn. (I99p , we obtain (^VqItiMq sinh^™~^(ffo^) 



/2 o n\ 

which is a constant quantity and is equal to I-VqHqJ only if m 



2 

3- 



7 Conclusions : 

In this work we have addressed the issue of Hubble expansion in a six dimensional doubly warped 
braneworld model. We have shown that as long as the bulk contains only cosmological constant and 
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no other matter fields, the solution of the time dependent part of the scale factor v{t) is given by 
eqn. (j44p . This result is quite generic and independent of the number of warped extra dimensions. 
Thus the exponential expansion phase of our Universe is a direct consequence of existence of a bulk 
negative cosmological constant in a warped braneworld scenario. In such scenario we have derived the 
exact solution for the cosmological spacetime metric. Through out the analysis the branes are chosen 
as delta function sources. 

We then extended our analysis with an additional pressure less matter in the bulk and found that 
the standard model brane metric has a solution for v{t) in the form v{t) ~ smh."^{HQt). This solution 
produces a deceleration expansion for small t and an accelerated one for large t for the visible Universe. 
This matches very well with the observations. 

In a multiply warped one needs an unequal warping along the two compact extra dimensions y and 
z in order to restrict a large hierarchy between the respective moduli 60 and cq [21]. The hierarchy 
is minimum for A; = 0.1 which produces a small warping along z direction and quite large wrping 
along the compact y direction. Under this situation we have shown that length Ly becomes elongated 
almost 120 times more than L^. Also the ratio of Ly and Lz is related the ratio of the moduli of the 
extra dimensions and hence 60 ~ 125co. 

From eqn. ()6ip we find that Hubble parameter on our Universe is controlled by both the moduli 
bo and cq of the compact extra dimensional co-ordinates y, z respectively. The factor sech{k7r) ( for 
the optimal choice /c ~ 0.1 ) is very small and can be viewed as a small perturbation on the five 
dimensional braneworld model. Furthermore, H^s is found to depend on lengths of both the extra 
dimensions. 

The static limit of our work correctly reproduces RS metric (given by eqn.([2])) when the effective 
cosmological constant on the 3-brane is zero giving rise to flat 3-branes. However, if we introduce 
additional matter on the 4-branes in the form of perfect fluid characterised by energy density p and 
pressure p, the static RS model becomes unstable. Furthermore a negative fluid pressure (strong 
energy condition is no longer valid now ) on the visible brane initiates an exponential expansion of 
the Universe with time. Consequently, the visible brane tension now departs from its static value. 
In the present work we have shown that a very small shift is required for the Universe to undergo 
inflation and found it to be of the order of 10~^^^. Under this situation, Hyis is non-zero and a fine 
tuning between bulk cosmological constant and visible brane tension X^g may give rise to a net 
cosmological constant on the Universe which is consistent with the present estimation. 
It may also be noted that eqn. (l66p is a generalisation of eqn.([5]) of the work of [H] in the non-static case 
which essentially relates the induced cosmological constant on the brane with the bulk cosmological 
constant and the brane tension. We finally infer that although from (I82p Higgs mass appears to be a 
time dependent quantity, however in the cosmological time scale its variation is negligible as shown in 
section 5.5. Our work thus brings out the dependence of cosmological expansion and related features 
in the context of larger number of warped extra dimensional model. 
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